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ABSTRACT: We present a new formulation for the distributions of the one-, two-, and three-dimensional radii of gyration
of linear and branched random-flight chains, and show how it can be extended to include the excluded volume effect. The

formulation is shown to be especially suited for numerical methods.

As an example, the excluded volume problem is then

solved numerically for random-flight chains with up to 100 statistical segments in the limit of small z, [z = n"/ *b(nj4m(S 2>())3""2],
where #is the number of statistical segments, & is the binary cluster integral, and (S?), is the mean-square radius of gyration of

the assembly of unperturbed chains.
.., is adequate only for n > 103,

range of 10-100. We suggest the following correction to the above equation: «g?

Distribution functions characterizing the one-, two-, and
three-dimensional radii of gyration of random-flight
chains have been intensively studied over the last several
years.!~14 This is not unexpected because of the vital role
that these distributions play in various aspects of polymer
science. Until now, only the statistics of linear chains had
been considered in detail. The problem of determining the
distribution of the radius of gyration or its square S?, for lin-
ear chains, has been approached from various points of view.
Fixman! and Coriell and Jackson® obtained Fourier trans-
forms (characteristic functions) of the distribution of S$? and
then used different mathematical techniques to give approxi-
mate solutions of the problem for various ranges of S2.
Forsman and Hughes2™ 410 formulated the problem in terms
of a series of convolution integrals and gave approximate so-
lutions over similar ranges of S2. Later, Fujita and Nori-
suye!! inverted Fixman’s! characteristic function analytically
in terms of Bessel functions for low and high values of
S52/(S2), (where (S?),is the unperturbed mean-square radius of
gyration). They observed agreement with Fixman’s values
for low S?%/{S?), but disagreement in the range of high
S2/(S?),. All these results, however, were valid only for suffi-
ciently large values of #n (the number of statistical segments in
a polymer chain).

The first complete solutions for the one-, two-, and three-
dimensional distributions of the radii of gyration as functions
of n were given by Hoffman and Forsman,”~* who presented
numerical solutions to the convolution integrals of Forsman
and Hughes.?=¢ Their solutions agreed well with the asymp-
totic solutions derived earlier by Fixman,! Forsman,? ¢ and
Forsman and Hughes.? Hoffman and Forsman® also pre-
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The results show that the equation for the chain expansion factor, ag? =
Indeed the coefficient (134/,0;) is in error by as much as 30-10% for polymers of # in the

1 + (134/105)2 -

=14 (*3¢/y05)[1 + (0.885/n480)]z — . .,

sented numerical results for the distribution of the one-di-
mensional radius of gyration, S,? for short, linear random-
flight chains (# = 2, 4, and 10). Coriell and Jackson,® how-
ever, reported an analytic solution for the distribution for n =
2 which was in substantial disagreement with the numerical
solution.! Later, Gupta and Forsman'‘ showed that the
discrepancy was the result of errors in the normalization con-
stant, and tabulated corrected distribution functions.

In this paper, we present a new, general formulation for the
distribution of the one-, two-, and three-dimensional radii of
gyration of assemblies of random-flight chains of any type of
branching. The method is applicable to finite as well as in-
finite chains. We also show that the formulation gives a gen-
eral solution to the excluded-volume problem for branched
as well as linear chains. The analysis is then used to generate
solutions to the excluded-volume problem for assemblies of
linear chains with emphasis on chain-length effects.

Although many of the essential features of the solution to
the excluded-volume problem were given in the earliest pub-
lications,'*~1% this problem is far from being satisfactorily
solved, and indeed previous treatments have been limited to
chains with infinite segments. The excluded-volume effect
is measured in terms of two expansion factors ay, and ag, the
ratios of the root-mean-square end-to-end distance and the
radius of gyration to those of the unperturbed assembly of
molecules. Existing theories for prediction of the expansion
factors may be classified according to the following statistical
mechanical models which serve as their starting points.

The most rigorous model applied to date!™"2¢ assumes
polymer molecules in dilute solution to act as an assembly of
Kuhn chains with polymer-solvent and polymer-polymer
interactions written as a potential of mean force acting be-
tween nonbonded masses of the chain backbone. We will
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designate this simply as the Kuhn model. Zimm, Stock-
mayer, and Fixman,"!%22 Yamakawa, et al.,202% and
Bueche?* used the cluster expansion technique equivalent to
that applied in the theory of dilute gases?s to give the expan-
sions

2—1+1—3f 2.082z2 1

og? = IOSZ 08222 4 ... €))

g b (B )

apt = —1—32 3 27z+. FANE N )]
where

z = n"/b(nj4r(S%9"" ©)

In eq 3, b is the binary cluster integral (defined later in this
paper), # is the number of Kuhn segments, and (S?); is the
mean-square radius of gyration of the assembly of unper-
turbed chains, Recently Chikahisa? used the cumulant ex-
pansion method to give the next term in eq 2 as —1.3438z4.
Since for real polymer systems n > 100, eq 1 and 2 hold for
small interactions indeed. They are, however, rigorous ex-
pressions for the limiting behavior at vanishing b.

An important result of the segment cluster theory is that
the coil expansion is a function of only one dimensionless pa-
rameter z which incorporates both energy and chain length
dependences. One would thus be tempted to interpret eq 1
and 2, therefore, as also representing the behavior of as and
ar, with decreasing chain length, This is, of course, not cor-
rect, since they were both derived in the limit of infinite chain
length. In this paper we will show that for chain lengths of
most interest chain expansion is a function of both z and n.

We should like to add that in recent years a number of in-
vestigators?~#¢ have attacked the excluded-volume problem
for the Kuhn model with a variety of mathematical techniques.
Since only one method has given a solution for chain expan-
sion,? ¥ the other methods must, at present, be considered as
new formulations of the problem which show promise for
future development, and will not be considered further here.
Alexandrowicz,? 3 however, has used an integral equation
approach to show that ay, increases as n%1% as n — », This
result is in good agreement with predictions of the segment
cloud model described below.

The segment could model,11.15.16.3—38 introduced by
Flory,'518 is less fundamental in its description of polymer
chains in infinitely dilute solution than the Kuhn model dis-
cussed above. It offers the considerable advantage, however,
of being far more mathematically ‘tractable. Flory!s:1¢ as-
sumed that the free energy of a polymer molecule could be
expressed as the sum of two terms, the free energy of mixing of
a cloud of segments and an entropy term derived from the
theory of rubber elasticity. The model suffers from a major
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Macromolecules

conceptual difficuity. The contiguous nature of the chain
molecule enters into the theory both through the rubber elas-
ticity term and through application of the Flory-Huggins!®
theory in the free energy of mixing term.?® Flory!s 16 ob-
tained the following closed expression for ar,

3\/52
ap® — ar? = 4)

2

Equation 4 was derived by maximizing the distribution of
ar, rather than integrating to obtain moments of the distribu-
tion, a procedure that was certain to introduce some (un-
known) error, but which gave results in a convenient form.

Forsman and Hughes?® were the first to obtain ag? by de-
termining the second moment of the distribution of S in the
presence of polymer-solvent and intramolecular polymer—
polymer interactions. They found the following expression
for the asymptotic behavior with increasing z

ag? = (3jx'/)z'/" + 0.243 ©)

which was applicable for values of as greater than about 2.

It may be mentioned here that many workers40—43 have
used Monte Carlo methods to study the excluded-volume
problem. Though their results are valid only for a relatively
small number of steps, they observe o’ proportional to n'’?,
which is the same functionality given in eq 4 and 5.

The excluded-volume problem at nonvanishing z has never
been solved for the Kuhn model. For lack of better infor-
mation, therefore, it was suggested*4 that the Flory expression
be modified to agree with the more rigorous results of the
segment cluster method given in eq 1 and 2 in the limit of
vanishing z. The result is

134z
5 _ 3 — =~
48T AT 05 ©
which is in good agreement with the asymptotic form given in
eqs.
We take this approach here, but will show that (as® —
ag?)/z is not then a constant but a function of n.

Generalized Expression for the Distribution of Radii
of Gyration for Linear and Branched Chains

We assume the usual Kuhn model of # 4 1 masses (num-
bered from 0 to n) connected by » statistical segments (num-
bered from 1 to n) of mean-square length /2 each. The gaus-
sian parameter characterizing the end-to-end distance of the
assembly of chains is denoted by 32 and for the individual
statistical segments by #3%. In this model, the probability of
observing any configuration in the unperturbed state is given
by

(Vng/ NV 7)*" eXpl:—nB?Zl(xf + s+ zﬁ):l X

.H1 dx,dy,dz; (7)
ot

where x;, y;, and z; represent the components of the vector
defining the jth statistical segment. In matrix notation, eq 7
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may be written as
W' v.2(X, ¥, 2)dxdydz =
(\/;5/\/;) 3n exp[—nﬁz(xTx -+ yTy + ZTZ)]dxdydz (8)

Here

xT =[xy, xa, ..., X4) )
and

dx = dxidx....dx, 10)
with similar equations for the y and z components. Equation

8 must first be transformed into center of mass coordinates,
X,¥,Z where

T = [-%h %23 --~y-§cn]

(11)

We shall present the transformation equations first for
linear polymer molecules and, in the next section, for branched
chains. For linear chains

x; =% = X 12,
and, for j = 1, using the definition of the center of mass

X1==5C1—5€o=25c1+;62+5€3+~.+5Cn (13

with equivalent expressions in y and z coordinates. Equa?
tions 12 and 13 may thus be written as
x =PX, y =Py, z =Pz (14)
with
2 111 11
-1 10 0
P = 0 -1 1 0 (15)
0 000 ... =11

Appropriate expressions for P for branched chains will be
discussed later, and we will show that the following treat-
ment is completely general and can be applied to molecules
with any type of branching. The jacobian of the transforma-
tion from the X, y, z, to the X, ¥, Z system is a constant, and
s0 eq 8 becomes
Wogs:(X, ¥, 2)dxdydz =
C(\/nﬁ/\/:r) " exp[— nBAXTPTPx +
§TPTPY + Z'PTP2)ldXdydz (16)

where C is the normalization constant.

5 —2ip 1 —ip 2—io
1—i¢p 3 —2¢p 0—iop
2—ip O0—ip 3 —2¢
D) =12—ip 1—1i¢ 0-—io¢
2—dp 1 —ip 1—1i¢
L2 —ip 1—1ip 1—iop

To get the distribution of S2, eq 16 must be integrated
over all values of X, ¥, and Z consistent with the constraint

1

2 =
S n—+ 1

& 45 2y an
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In the center of mass coordinates, the summation in eq 17
for the x component is given as

i Xt = i %t + I:i Xj:lz = x"Mx (18)
i=0 i=1 i=1
where
2111 1
1 211 1
M=|1121 1 (19)
1111 . . 2

with equivalent expressions in y and z. Note that M is the
same for branched chains. On using the Fourier representa-
tion of the & function* in eq 16 we get

WSy = C f f f exp[—nB2X"PTPX + §TPTP§ +

£TMX + ...
5TPTPS : —_
zZTPTPZ)] exp|:27rzw{ 7+ 1

or

- SZ}dedﬁdﬁdi 0)

Wo(S?) = Cfm fexp[—n62(iTDﬁ +

$IDY + 2TD2)] exp[—in(n + 1)32S%pldepdxdydz (21)
where we have defined
D = PTP — oM (22)
and
21w
¢ = an+ DBt 23)
Equation 21, on integrating over X, ¥, Z gives*
® expl—in(n + 1)825%plde
W9 S?) = C f SRR La 24
=<, D) @

Equation 24 is a completely general statement of the unper-
turbed distribution of radii of gyration of assemblies of ran-
dom-flight chains. We note that only the real part of D is a
function of the nature of the branching. Finally, from the
theory of characteristic functions, expressions for the distribu-
tions of the one- and two-dimensional radii can be obtained
from eq 24 by replacing the denominator in the integrand by
D(¢)|"/? and [D(¢)], respectively.

Wo(S?) for Linear Chains
For a linear chain, we may write eq 25 from eq 15 and 22.

2 — i¢ 2 —ip 2—i¢ |

1—ip ... 1 —ip 1—iop

O—i¢p ... 1 —=ip 1—ip

3—-2i¢p ... 1—ip 1—ip 5)
1—i¢ ... 3—2¢ 0—i¢

1—ig¢ 0—i¢p 2 -2

The determinant {D(¢) may be simplified by a series of ele-
mentary row and column transformations to give a five-

(45) A. Papoulis, “The Fourier Integral and its Applications,”
Ist ed, McGraw-Hill, New York, N. Y., 1962.

(46) R. Bellman, “Introduction to Matrix Analysis,” 2nd ed, Mc-
Graw-Hill, New York, N. Y., 1970.
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banded determinant given in an earlier paper!4 and may be
written as a continued product using a formula due to Bell-
man* as

k0

D) = H[4 — 2ig +

i=1
jT

b (o) 4= o

The normalization constant may be obtained using a
theorem in Fourier transform theory#

27C

27 C

(Y% = 27F(0) = DO "+ 1)351 @7
where F(¢) is the characteristic function of W9S?) and
¥ = n(n + 1)B2S* (28)
Finally, we obtain
B (n+ 1 [ expl—in(n + 1)3:S%]d¢
WO(Sz) B 27T' f—oo ‘D(¢)‘\ v (29)

The numerical solution of eq 29 has already been presented
for short chains.¢ It was observed that for »n greater than
about 10, the above formulation incorporating the continued
product representation of ‘D(d))i (eq 26) was far more efficient
than the multiple convolution method used previously.”®
Further details on the analysis and computations can be
found elsewhere,¥ along with proof that eq 29 is mathemat-
ically equivalent to other formulations for the distribution of
the radii of gyration of assemblies of finite and infinite ran-
dom-flight chains.

W(§?) for Branched Chains

Equation 24 can be applied to assemblies of branched chains
by determining the appropriate matrix P relating the de-
scription of the chains in the x and X spaces. This procedure
is relatively simple. For example, consider the branched
chain shown in Figure 1. Equation 13 still applies. Equa-
tion 12 applies to all the statistical segments except numbers
9 and 10, since (in one dimension) we note that

X9 X9 — Xs (30)
and

(31)
P is given by eq 32. Equation

|
-
|

= X10 — X4

X10

For this example, therefore,

O O O O O O O O O = o=

]
©C 00 O O O o O R = O -
|

O O O O O O = = O O O =

o O O O O O O O O O = N
O O = O O O O = = O O =

(47) 8. K. Gupta, Ph.D. Dissertation, University of Pennsylvania,
Philadelphia, Pa., 1972,

Macromolecules

A branched chain.

Figure 1.

32 differs only slightly from eq 15 for linear chains. In rows
9 and 10 of eq 32, the —1 appears in columns 6 and 4, indi-
cating that statistical segments 9 and 10 extend between
masses 6 and 9 and masses 4 and 10, respectively. We thus
observe a simple one-to-one correspondence between the P
matrix and the molecular architecture. Note, however, that
the first row is determined by the center of mass criterion and
thus is independent of branching.

The construction of P can be systematized to accommodate
any form of branching. The first row is always the same.
All P; s except P;, are unity. All P, ,_,’s equal —1 with
the following exception. The masses are assumed to be
numbered sequentially. If we count off the masses from zero
to n, we will have to jump off the backbone at the end of each
branch. Each row corresponding to the index of the mass j
following each jump has a —1 in the column with an index
equal to that of the mass to which mass j is connected. All
other elements are zero.

The formulation presented here is a generalization of the
matrix method for treating chain statistics published previ-
ously.® It was shown that for assemblies of any type of
branched molecules, the one-dimensional radius of gyration
S, could be written in the following form# (The notation
used here is not the same as in ref 48, but was selected to be
compatible with this paper and other more recent publica-
tions,)

n(n + 1)S,? = x"Fx (33)
and
n(n + 1){S,?) = (x2) trace F (34)
1 111 1 1 1]
6 000 0 00
0 000 0O 00O
0 000 O 00
0 000 O ©00
1 000 0 00
(32)
-1 100 0 00
0 -110 0 00
-1 001 0 00
06 000 1 00
0o 000 -1 1 0
0o 000 0 -1 1]

(48) W. C. Forsman, Macromolecules, 1, 343 (1968).
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or
n(n + 1){(S?) = 3(x?) trace F (35)
Since
(n 4+ 1)S;2 = x™x (36)
it is straightforward to show that
F = n(P-)"™MP-! (37)

Whereas the F matrices are difficult to work with, the P
matrices are far simpler.

We should also like to point out that if eq 37 is rearranged
to give

M = »'PTFP (38)
P can be expressed as follows
D = PT(3 — ipn~'F)P 39

where § is the Kronecker delta matrix. Substituting eq 39
into eq 24 gives a characteristic function that yields eq 35.

For linear chains, it is possible to show that eq 24 is equiva-
lent to every other formulation of W°S?) because \D(d))i can
be written as a continued product.¥ It remains to be seen,
however, whether or not similarly tractable expressions can
be found for \D(q&)\ for various classes of branched chains.
It would be satisfying to one’s sense of mathematical order if
this were the case. Nevertheless, from a practical point of
view, eq 24 and its one- and two-dimensional analogs contain
all the information the random-flight model for unperturbed
chains is capable of giving. Except for asymptotic behavior,
distributions must be determined numerically. Subsequent
publications will be devoted to a detailed treatment of various
classes of branched chains.

In the next section we will show that the above formulation
of chain statistics can be extended to include polymer-solvent
and intramolecular polymer—polymer interactions for linear
and branched chains. The development will then be applied
to linear chains with emphasis on chain-length effects.

A Generalized Treatment of the Excluded-Volume Effect

We now modify the formulation for the unperturbed dis-
tribution to solve for the excluded-volume effect. We shall
develop this for the general case first and then present results
for linear chains.

To get the distribution function for the perturbed case, a
Boltzmann factor, exp(—¥V/kT), must be included in the
integrand in eq 21. If we represent the total potential energy

‘de dis (dip + di, )
d2,1 d2,2 (dZ,p + d2.q)
(dzz.l + (dp,Q + dp,p + dp.q +
‘} davl) dqﬂ) dqyp + da,a
Dzv.q* = .

dq—l,l dq—l,Z dq—l,p + d -1,¢
dys1n dysi dot1,p T doig
Ldnvl dn,2 dn,zz + dn.q
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V for a polymer chain as a sum of pairwise interaction po-
tentials ¥, acting between the backbone masses, we get

v = exp] ~ STV, | -
g

ng—1
Mo+ s =11=1+ T fpo+ ... (0
P.q g=1p=0
where
Sog = exp[—Vy/kT] — 1 41)

and f,, is a function only of the relative positions of the
pth and gth masses. Including the Boltzmann factor then
gives the following expression for the perturbed distribution
W(S?) corrected to the first order in interaction energy

W(S?) = Cff f exp[—nB82X™DX + §TDY + 27Dz} X
exp(—ix//d))[l + ZprJdid&didtﬁ 42)
P q

where C is not the same normalization constant as in eq 21.
Equation 42 can be written as the sum of two terms, the first
being a constant times the unperturbed distribution.

o\ T exp(—iye)de
W(s?) = C<n62> f_m bey - tY @
where
n g—1 @
Y=C3% > ff exp[—nBAXTDX +
g=1p=0 -

Y™D§ + 27D2)] exp(—ig)f,,dpdRdidz  (44)

The above integral is solved first for p = 0.
If we write r, = r, + r (with related components X, =
X, + %, etc.), then

n g—1 @

Y=C > ff fexp[—n(i?(iq*TD,,q*f(q* +
g=1p=0 -

FATD,*F * + 2.4TD,*2,%)] exp(—iye) exp[—nB82 (... +

Rdy) + 9, % terms}1f, dodk *d¥ *d2 *dxdpdE}  (45)

D, *(®) is an (n — 1) by (n — 1) matrix as shown in eq 46
and x,* is an (n — 1) by 1 column vector with %,
missing. Similar definitions hold for §,* and Z,*. The
elements d, , are the same as those in the matrix D in eq 25.

dl,q—l dl,q+1 PPN dl‘n
d2,q—l d2,q+1 e d?,n
(dp,q—l + dp,q+1 + dp,n +

dayq-l) dq.q-H dq‘n

(46)

da—l,q—l dq—lyq-é—l dq—l,n
dg+1,41 dg+1,q+1 dytin
dﬂvQ‘l dn,q+1 dnvn i

p#0
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Figure 2. C, as a function of n: (®) calculations, (- — - -) extrap-

olation of eq 57.

Since the potentials V,, are short ranged, f,, becomes zero
at very small values of £, §, 2. At high values of r, f,, is
zero, whereas at low values the exponential term is essentially
unity. The integration over X, j, 2 may therefore be re-

placed by
[ [ [ fuazasa: @7

which may be recognized as the negative of the binary cluster
integral? 5. Integrating over £,*, §,*, and Z,*, we obtain

Yy = Cb<i>{3(n‘_l)/2) - qil ® exp(—iy¢)de

nB* g=1p=0V - ‘qu*((#)ia/:

A similar procedure for the case of p =

g

(48)

0 gives eq 49.

(dhy — Yo —
1/2dq,1 + 1/4dq,q)

(o — Yado,g —
1/2d )1 + 1/4dq.q)

Do,*(¢) =
% (¢) (dq—l.l - 1/qu—l,q -

1/qu,I + 1/4davq)

(dgr11 — Yodgr,g —

YVedya + ady,q)

!
L
We have now established D, * for all the possible cases.

If we absorb (w/nB%)3%"/% in the normalization constant C
and use the definition of z as in eq 3, we can write eq 43 as

Cc f _ exp(—t¢¢)[|

W(s?) =

7, |d 50
1p=0 |Dpa*(¢)‘a/2:| ¢ GO
The term in parenthesis is the characteristic function F(¢)
for the distribution of ¥. From the theory of distribution
functions, s the mean value of ¥ is given by

(¥) = n(n + 1)BYS?) = —iF'(0)/F(0) (51)
Therefore
ID(0)] z & D, *'(0)]
(s = — DO T/Elo :;WO)I”J
T 2n(n + 1)82 1 z iq-l ‘
DO~ n'? Z1 =6 D M*(O)l%
' (52)

(dl.q—l - 1/2dl.q -
1/2daml—1 + 1/4dq,q)

(@2,q-1 — Yoty —
1/2dq,q—1 + l/4d .q)

(dq—l,q—l - 1/2da—1'q -
1/2d -1 + 1/4dq.q)

(dg+1,4-1 —

1/2dq.q—1 + l/4d<1,q)

Macromolecules
TasLE I
n Cn n Cn
2 0.730 30 1.028
4 0.785 40 1.058
6 0.830 50 1.079
8 0.866 70 1.107
12 0.918 100 1.133
16 0.954 wa 1.275¢

20 0.979
¢ Fixman’s theory for an infinite chain.

Expanding the denominator as a binomial and performing
algebraic manipulations gives

ot = 1+~ [DO)” [ D)

=1lp=0 'DZNI*(O)\ Vet

DO 375t iD__@]
ID’(0)] qgl ,,;0 PEORE (53)

which is in the form of ag> = 1 + C,z. Equation 53 is a
completely general expression for as? and it can be evaluated
numerically by using the appropriate expression for the trans-
formation matrix P.

Excluded Volume for Linear Chains
In order to obtain C, for linear chains, we must use eq 25

for [D(¢)|. From eq 26, we have
[DO)| = (n + 1) 54
and
ID'©)| = —in(n + 1)%(n + 2)/6 (55)
(dl,q+1 - I/2‘11,4 - .. ~j[

Vody,qr1 + Yady, o) i

(@, g1 — ol —
Yody, q+1 + Yadg,q)

' (49)
(g1, g1 ~ Yodga1,g —

Yodg,gr1 + ady,q)

i1, g0 — Yoot —
1/2dq,q+l + 1/4dq.q)

Yadgs1,q —

and we get from eq 53

c (n+1)3["9‘1 1
tTooA ¢=1p=0 |Dm*(0)la/2

6i LA qu*'(O)l]
— = (56
n(n + 2) ElEo D, *0)]" (56)

Equation 56 was solved numerically, and the results are
shown in Table 1.47 Figure 2 presents C, plotted as a func-
tion of # and offers evidence that the limit, as n — «, of
C, = (3%%/ys), as is required by the asymptotic solution.

The excluded volume effect for branched chains may
similarly be obtained. The results for typical branched
chains will be presented in a subsequent publication.

Discussion

The computed results for linear chains are plotted in Figure
3 as log [(**4105) — Cn] vs. log n. By accepting the linear
extrapolation shown for # > 100, we found that for n > 10,
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Figure 3. 1%/,; — C, as a function of »n: (®) calculations, line

represents eq 57 (extrapolated for n > 100).

the following empirical equation adequately described the

behavior
134 0.885
C. = ﬁ 1 - o- 462 7

When n = 10, 100, and 1000, C, is lower than C by about
30, 10, and 5%, respectively. Rigorous interpretation of
these results in terms of molecular weight is, however, impos-
sible. In principle, n can be selected with considerable lati-
tude, subject to only two restrictions. Although enough re-
peat units must be taken per statistical segment to assure that
they can be characterized by a gaussian distribution of end-
to-end distances, few enough repeat units must be taken per
statistical segment to assure that all the mass of each chain
can be assumed to be concentrated at the ends of the statisti-
cal segments. With this latitude in the definition of »n, no
theoretical predictions containing » explicitly can be given
unequivocal interpretation. We assert, however, that a rea-
sonable qualitative test for the effect of molecular weight on
C, is to interpret eq 57 with n defined by the minimum number
of repeat units per statistical segment that gives a gaussian
distribution. Work reported by Flory* and more recently
by Allegra and Avitabile®® indicates that for vinyl chains 25
repeat units only crudely approximate gaussian behavior,
whereas 100 repeat units obey gaussian statistics quite well.
For the sake of argument, therefore, we will test eq 57 for the
importance of molecular weight effect by assuming the con-
servative value of 30 repeat units per statistical segment for
typical vinyl polymers. If we assume a molecular weight of
about 100 for a repeat unit, » = 10, 100, and 1000 correspond
to molecular weights of about 3 X 104, 3 X 105 and 3 X
108, Clearly, the presently accepted excluded-volume treat-
ment for small z is applicable, in most instances, only to mo-

(49) P. J. Flory, “Statistical Mechanics of Chain Molecules,” 1st
ed, Interscience, New York, N. Y., 1969.
(50) G. Allegra and G. Avitabile, J. Chem. Phys., 56, 2385 (1972).
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Figure 4. (as’ — as®)/M'/* vs. M for poly(a-methylstyrene) in
toluene at 25°: (@) data of Nagasawa, ef a/. (ref 53), line represents
eq 58.

lecular weights greater than 10¢, Indeed substantial errors
are introduced for M < 3 X 105,

The above treatment applies only in the limit as z — 0.
We will therefore adopt the point of view suggested by Stock-
mayer4* and use the Kuhn model results to give the proper
limiting behavior of the approximate segment cloud equation
of Flory. The result is

; . 134 0.885
as® — ag = 105 1—n0.462 z (58)

the above equation describes the observed increase in (as® —
as®)/z with increasing M reported in early work.®!=%4¢ As a
test of the proposed molecular weight dependence, Figure 4
compares the recent light-scattering results of Nagasawa,
et al.,*® on dilute poly(a-methylstyrene) solutions with predic-
tions from eq 58 by taking 80 repeat units per statistical seg-
ment. Considering the experimental error (discussed by
Nagasawa, et al.’%), the predicted molecular weight depen-
dence is clearly indicated.

We conclude that the presence of » explicitly in eq 57 and
58 indicates that the Kuhn model is inadequate to describe
the excluded-volume problem except in the limit as n# — o,
Until a more detailed theory is available, we suggest that
these two equations can be used to correlate data on coil ex-
pansion by allowing the number of repeat units per statistical
segment to be a semiempirical curve-fitting parameter.
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